This paper presents a method of axisymmetric analysis of a pneumatic tyre model, based on the finite element method. A brief characterisation has been provided of a heterogeneous tyre model, which consists of three groups of materials: cord-rubber composite, physically nonlinear rubber and bead wire steel. The system is also geometrically nonlinear. This is all reflected in a detailed block diagram of the author's in-house code intended for analysis of deformation and strength of pneumatic tyres. The results of exemplary calculations made with the use of this code are presented.
Introduction
Currently, the production of new commercial models of pneumatic tyres does not start until its geometric parameters and dimensions have been tested, the tyre has been mounted onto a rim and inflated, its strength, shape and distribution of pressure in the area of static contact with the ground have been examined and even the behaviour of the tyre under operation conditions has been checked. A future product is therefore tested and improved at the design phase, which requires a reliable computer model. Due to a considerable progress in computer methods in solid mechanics and power of computers, a number of commercial FEM codes are currently available which provide extensive analytic capabilities for even the most complex problems of the mechanics of a deformable body. Hence, a problem arises as to whether an analysis of deformation and strength of a pneumatic tyre can be performed directly with an FEM code, even if it is one of the most advanced software code. It is possible with one tyre; however, this is unacceptable to tyre designers due to the time needed to prepare a computational model. The fundamental difficulty lies in the fact that due to the technology of tyre formation, the density and angle of cords depend on the distance of a finite element from a tyre axis of rotation. For example, the cord density in the ply of a truck tyre decreases by ca. 50% between the tyre bead to the apex (PELC 1995c) . Therefore, when preparing data which describe the mechanical properties of a tyre material, one should specify them separately for each finite element. This is why the author has spent years developing a tyre computational model based on the finite element method (PELC 1992 (PELC , 1995a (PELC , 2000 (PELC , 2002 , followed by algorithms and a computer code intended for analysis of pneumatic tyre deformation analysis, in which data are generated from the properties of a raw layer of cord-rubber composite (wound on a tyre building drum) and the position of an element in a formed tyre. Moreover, a tyre is characterised by complex geometry and heterogeneity.
Loads acting on a tyre may cause considerable displacements and some materials, such as rubber, behave as nonlinear-elastic elements. Therefore, a tyre model is a nonlinear model and determination of an equilibrium path for such a system requires an incremental-iterative technique. All these issues are reflected in a block diagram of the author's code, intended for pneumatic tyre model axisymmetric analysis.
Characterisation of an axisymmetric tyre model
A pneumatic tyre has a complex structure and must be regarded as a heterogeneous system (Fig. 1) . Three types of materials can be distinguished in a tyre: -cord-rubber composite (ply layers, belts and chafer), -rubber (e.g. tread, sidewall, etc.), -steel (bead wire).
In the case of simulation of a tyre mounting on a rim or inflation, one can assume that a tyre is an axisymmetric system, i.e. that its points are not moving circumferentially. In such a case, only a cross section of a tyre can be considered (Fig. 2a) and only this area undergoes discretization. Although the finite elements seem to be plane, in fact they are rings with a triangular or rectangular cross-section. Unlike a plane problem (2D), this one is classified as a 2.5D problem, i.e. there are non-zero circumferential stresses. The finite element mesh, fixing of the tyre bead and the action of internal pressure are presented in Fig. 2b . Nodes situated in the tyre plane of symmetry (yz) can move only in the radial direction.
The angle of the cord to the parallel line of the layer in a formed tyre (θ) can be calculated from the so-called "panthograph role" (HOFFERBERTH 1956):
where: r 0 /r -the radius of a point of a layer on a drum/in a tyre, θ 0 -angle of a cord in a green layer. The cord density in a tyre layer depends on the density in a green layer placeed on a drum e p0 : e p = e p0 r 0 sin θ 0 (2) r sin θ and it allow to determine the ply cord volume fraction based on the cross section area of a cord (A c ) and the layer thickness (t):
The fraction value provides the basis for calculation of effective material constants for a cord-rubber composite layer. Assuming that the shear modulus for cords is greater than it is for rubber, HALPIN and TSAI (1969) formula yields:
where: letters E/G/ν -denote Young and Kirchhoff moduli and Poisson ratio, respectively, and the c/r indices denote cord and rubber, respectively. Axis 1 is parallel to cord, while axis 2 denotes one that is perpendicular to it, lying on the layer plane.
In a displacement formulation of FEM, assumed in the axisymmetric tyre model, it is convenient to describe rubber properties as if it was a nearly incompressible material, as proposed by BLATZ and KO (1962) .
Having determined the tangent constitutive tensor for the material ( 0 D), one can calculate the second Piola-Kirchhoff stress tensor ( 0 S) based on the known increment of Green-Lagrange strain tensor ( 0 E):
Defining the tensor as (BROCKMAN 1986)
where: t C denotes Cauchy-Green deformation tensor, and I 3 -its third invariant, and taking into account the strain energy density function in the Blatz-Ko model for a nearly incompressible material, the second Piola-Kirchhoff stress tensor can be written:
For a rubber-type elastomer, regarded as a hyperelastic material,
Additionally introducing a tensor of the fourth order
Material constants µ and a are determined from the results of experiments performed for each type of rubber. In axisymmetric problems - Node displacements in the finite element axisymmetric tyre model are determined by the incremental method with iterations, based on a matrix equation (BATHE 1982) :
where: 
Block diagram of the author's code
The code intended for analysis of axisymmetric models of pneumatic tyres has been developed by the author over many years. Due to the complicated structure of pneumatic tyres, the code is considerably large, with ca. 4000 lines in the FORTRAN language (excluding comment lines). An input data file for the author's code is generated with preprocessing tools, described by PELC (1995b). The data are grouped in sections with specific names (numbers of elements and nodes, node coordinates, types of elements, materials assigned to elements, boundary and load conditions) and have a structure typical for FEM codes, except a significant difference in description of the model material parameters. The data constitute a section in an input data file and contain: name of the material, thickness of the layer (t), cord cross section area (A c ), density of cord in a layer on the drum (e p0 ), angle of cord to the parallel line of the tyre building drum (θ 0 ), the layer radius on the drum (r 0 ), the Young modulus of the cord (E c ), Poisson ratio for the layer rubber or the a parameter for the Blatz-Ko rubber model (ν r , a), shear modulus for the layer rubber or parameter µ for the Blatz-Ko rubber model (G r , µ). (cf. PELC 2007). Unlike commercial FEM codes, data for the author's code do not contain the values of cord-rubber layer effective constants because for a specific tyre composite they depend on the distance of a layer point from the tyre axis of rotation. The values of those constants are calculated in the relevant subroutine for consecutive elements and material parameter matrices are constructed.
Due to the three selected types of materials in tyre, the code block diagram (Fig. 3) is divided into three paths, with that related to the cord-rubber composite being the most complex. A bimodular characteristic of the cord was assumed with a high value of the Young modulus for stretching and an extremely small value for compression. Therefore, two matrices of material constants are prepared and which of them will be used depends on the state of the current stress in cord, observed during the tyre incremental loading. Due to the assumed rotational symmetry of the problem (i.e. zeroing of deformations E xz and E yz ), 4×4 matrices are obtained from full constitutive matrices D and D'.
An non-inflated tyre has a very low stiffness. Therefore, load increments during the initial phase of simulation must be very small for the iteration process to be convergent. With increasing internal pressure, the system becomes increasingly stiff and load increments may be increased. The author's computation code employs the arc-length control method as presented by CRISFIELD (1981) , which makes it possible to automatically match the length of the load step with the degree of non-linearity of the equilibrium path and helps pass through so-called "limit points" (BADUR 1979) . The load level in the method is controlled by a dimensionless parameter λ, which is equal to zero at the beginning of the incremental process and equal to one at its end. At the beginning of the first load increment, the value of load increment ∆λ (1) is set arbitrarily. The radius of arc ∆l, which leads to the path of equilibrium, is calculated with the use of displacement vector of all the nodes of the system (u R ) and the information on the number of iterations performed in the previous increment t I, whereas I denotes the desired number of iterations. Matrix t K T denotes the tangent matrix of the system. It is possible in the subprogram which performs the iteration process to apply two criteria of the process convergence. One of them is based on the Euclidean norm of the nodal residual force vector and the other is related to the iterative displacement increment.
Illustrative calculation results
The author's code can be used to analyse a tyre under axisymmetric loading (internal pressure, centrifugal force of inertia). It is also possible to apply an axisymmetric displacements of a tyre bead nodes. The necessity for axial displacement of the bead nodes towards the tyre's plane of symmetry (y,z) results from a greater spacing of beads in the vulcanisation form than after the tyre has been mounted on a rim. Radial displacements stem from the necessity of the tyre clamping on the rim during the mounting process in order to create the proper friction necessary to transfer the moment of force from the drive and braking and to ensure air-tightness in the contact area between the bead and rim.
By using post-processing tools (PELC 1995b) , the author's code can generate the following results in a graphic form: -a tyre profile before and after deformation, -element mesh after deformation, -history of displacement of two characteristic points of a tyre, -diagrams of force values in cords, -diagrams of elastic strain energy density in layered materials, -elastic strain energy distribution in a tyre cross section, -a map of maximal values of shear strain in a tyre cross section, -a map of maximal Cauchy stress in sections perpendicular to the tyre profile.
The values presented in diagrams and maps are calculated at the centroids of a finite elements based on the respective values in Gauss points. 
Summary and conclusions
Pneumatic tyre deformation modelling and strength analysis is a complex issue due to the heterogeneity and non-linear nature of the system. In this case, the method of finite elements seems to be the only tool for reliable modelling of the behaviour of such a system. Due to the heterogeneous structure of a tyre, the block diagram of a code for an axisymmetric tyre model analysis has a complex structure resulting from the distinguishing of three types of materials: cord-rubber composite, nearly incompressible rubber and steel. The geometric non-linearity of a tyre and physical non-linearity of rubber requires that the stiffness matrix of the system should be updated during the process of loading; the incremental-iterative procedure, visible in the block diagram, is linked with it. The author's computer code enables analysis of both passenger tyres and truck tyres.
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